Lecture 2
1. Appendix
1) Proof of Ascoli-Arzela Lemma

Step 1. Construction of the desired subsequence.

Take the whole rational numbers {r.} in [a,b]. Since {f(r,)} is bounded in
R" , there exists a convergent subsequence {f,(r,)} (keN") by Bolzano-
Weierstrass Theorem, i.e. {f,, (t)} converges at t=r,. For {f,(r,)}, which is still
bounded in R", there exists a convergent subsequence {f, (r,)}<{f, (r,)} by the

same reason. {f, (t)} converges at t=r,r,. After similar n steps, we can find

following countable subsequences:

fll(t) le(t) fln(t)
f21(t) fzz(t) fzn(t)

fnl(t) fnz(t) fnn(t)

where {f ()} convergesat t=r,r,,---,I,.
Taking the diagonal sequence g, (t)= f (t) (neN"), this sequence converges

at any {r.} by the construction because {g,(r)}. ={f,.(r)},; IS a subsequence

of {f,,(r)},; Which converges.
Step 2. It remains to show that g (t) is uniformly convergent on [a,b], i.e.
Ve>0,thereexists N>1 st. nm>N = |g,t)-g,t)|<e.

Since g,(t) convergeson {r.}, we have that for V&>0 andany r, €[a,b],
there exists N(r.) st n, m>N(r) = ||gn(ri)—gm(ri)||<§.

By equicontinuity, and for the above given & >0, there exists §(¢) >0 s.t. for

any t,t,ela,b], |t,—t,|<5() = ||gn(t1)—gn(t2)||<% forall neN".



Taking O(r,, 5(¢)), then UO(ri, 0(¢)) o[a, b]. There exists a finite numbers

i=1

of O(r,,8()) (i =1, ,p)stljouhawn;ﬂ&by

Let N =max{N(r,), N(r,),---,N(r,)}. Once n,m>N and te[a,b], there

existsone O(r; , 6(¢)), 1<i,<p st teO(r,, o(¢)). Then

19,®-9,Ol <l1g,®) =g, (r ) I+119,(r) -9 (r ) 1+119,(r) -9, @O

<fiiifog
3 3 3

This completes the proof. o
2) Proof of Peano Theorem by a Traditional Way

Construction for te I, only (the construction for tel_ is similar).

Step 1. Construction:

m
For each m>1, we subdivide 1, with 1, =|J[t{™, t™], where t" =t0+ﬁ
k=1 m

for k=12, ,m.Wedefine x_(t) step by step on each subinterval [t{™, t{™]:
X, (t) =X, + f(t,, X, )(t—t,) for te[t{™ t/™], where t{™ =t,,
= X, (tM)=x,+ f(t,, X/ )™ -t,);
X () =X, ™) + £ ™, x, (M)A -tM) for tet;”, t;"],
= X (") =X (™) + £ G %, GNE” -4);
By induction, if we have constructed x_(t) = x_ (t™)+ f (™, x, ™)t -t™)

for te[t{™, t™], so we have x,(t™)=x,@t")+ fE,x, ¢ mMNE™ -t{") .
Then, we define

X (0) =X, ™)+ £, x, ¢NE-t™M) for te[t™, t0].

So we have defined x_(t) onall tel,, whichis called the Euler polygons.



Step 2. {x,(t)} iswell definedon 1,:

Since

1% (8) = X Il < 110 (8) = X (™) 1% (6) = X (G -+ 11X (™) = X

I F ™ X N I X EENEE - M)

+-t ” f(to’ Xo)(tl(m) _to) ”

IA

ME—t™)+M (™ —t™)+--+ M (™ —t,)
=M(t-t,)<Mh<b, t,<t<t{".

Sothat (t, x,(t)eQ for t,<t<t™ = {x, (1)} iswell definedon I .

Step 3. Since x,(t) is continuous at t™ , and x_(t) has a derivative
FE™ X, (™M) on 1™, t{], then,
Xpl) =X, + [ £ ™ (s)ds for t,<t<t(?,

where f™(t):= (", x,(t™)) for te[t!™, tN] (piecewise function).

Step 4. Show that {x, (t)} is equicontinuous and uniformly bounded.
For t' tel,,

I X, t)=x, )= ||j:’ fM(s)ds|| <M |t-t'], Ym=>1
and

X O < 11X E) [T+ X0 (8) = Xg (E) 1] < [ X (E) [[+M B

hence, {x,,(t)} isequicontinuous and uniformly bounded.

E
Step 5. Applying Ascoli-Arzela lemma, we have Xm, (t)— x() on 1, where

4

{xmj )}c{x,t)}. We claim that x(t) is the desired solution of ( E) if

£ (1) £ (t, x(t)) on ..



E
Step 6. Show that f ™’ (t)— f(t, x(t)) on I,:
E
For simple notation, we suppose that x_(t)— x(t) on I,. Then, for the given

e>0,since f eC(Q) and Q iscompact, 36 >0 such that
| f@t,x)—f(t, x)|<e

whenever || (t—t', x—x)"||< &, (uniformly continuous).

Now choose m so large such that £<§ M—h<§ and ||xm(t)—x(t)||<g
m

m

whenever tel, .For tel, , te[t™, t{™] forsome k,we have

+ 1
™ =t X, ™) = xO) 1< 16" =t + 1%, ™) = x@) |

<G =t 11X (™) =X, @ 111X, 0 = x@) |

N Mh o 9o,
m m 3 3

é+é=5’
3 3

and hence
™)@ xO) =1 f™E™, x,¢m)-ft. x)ll<e. o



